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Abstract

We construct a staggered-price dynamic general liequm model with overlapping

generations based on uncertain lifetimes. Priakistss plus lack of Ricardian Equivalence
could be expected to make an increase in governdsdsif with associated changes in lump-
sum taxation, effective in raising short-run outgdowever we find this is very sensitive to
the monetary policy rule. A permanent increasedhtdinder a basic Taylor Rule does not
raise output. To make debt effective we need edhtemporary nominal interest rate peg; or

inertia in the rule; or an exogenous money supmlcy;, or to make the debt increase
temporary.
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1. Introduction

The recent economic crisis has witnessed a streagtion of monetary and fiscal
policies to support the economy. In many developedntries, the nominal interest rate
reached historically low levels. Unconventional mt@my policy measures were
implemented, together with large fiscal stimuluskzayes causing a worsening of the fiscal
imbalances. A legacy of the crisis so far has bleege deficits and major increases in
government debt levels across the world.

Not surprisingly, the academic literature has rmedctvith a renewed interest in
monetary and fiscal policy interactions. The maisearch question regards the size of the
fiscal multiplier depending on the particular fisgastrument used and on the state of
monetary policy. Woodford (2011) provides an ingligh critical survey of this recent
literature on monetary and fiscal policy interano(See also Kirsanova et al., 2009).

All the papers surveyed in Woodford (2011), howevamploy the canonical ‘New
Neoclassical Synthesis’ (NNS) model for monetarlicgaanalysis that embodies ‘Ricardian
Equivalence’. In the standard textbook way, we rdefa framework to imply ‘Ricardian
Equivalence’ ifchanges in government debt have no real effects on the economy, when
accompanied by changes in lump-sum taxation. Given the huge increase in debt which has
recently occurred in many developed economies, weldvlike to focus on the effects of
pure government debt changes. Thus, we need a mbeeé changes in government debt
and thus also government budget deficits finangetbdrrowing— have an interesting and
realistic role. In order to do that, the obviousoick, then, is to consider a model of
overlapping generations (OLGS). In this paper, vemde examine the consequences of
combining overlapping generations with staggereckpsetting for the effectiveness of fiscal
policy enacted purely by changing government detguming lump-sum taxationWe show
how monetary policy is crucial in shaping the ef$eof a change in the debt level in this

setting. It is worth noting from the outset thatpur framework (and as will be seen), it is the

! Obviously ‘non-Ricardian’ effects can be obtairirdbther ways, such as by the use of distortioriares.
However, here we deal with changes in governmebit dieder lump-sum taxation in order to focus onngle
transmission channel.



stock of government debt, rather than the sizénefdeficit, which provides the best single
measure of the fiscal stance. Hence we focus srnvtriable as the primary fiscal instrument.

A plausible hypothesis about the effect of fisaaliqy in such an environment might be
as follows. A one-period lump-sum tax cut finanbgaan increase in government debt which
is then held permanently at its new higher levelMtimulate consumption demand. This
is for the standard reason that, although agentddarationally anticipate higher future taxes
to service the increased debt interest, a propoxicthe taxes would fall on agents not yet
born, so that currently-alive agentsthe recipients of the tax cut would perceive their
lifetime wealth to have risen. In the presenceeofigorary nominal rigidities, the increase in
aggregate demand would then raise output in adygieynesian fashion.

Below, we test this hypothesis by constructing aasyic general equilibrium (DGE)
model with the aforementioned features. Our purpssmalytical rather than empirical: we
are not seeking to match our model quantitativelthe data, but to understand qualitatively,
and in depth, the economic forces at work. So fapeassible we therefore proceed using
algebra rather than numerical simulations, althowghalso make use of the latter. We start
by applying the model to the basic fiscal policypestment just described. Surprisingly, we
do not find that an expansionary short-run effecttoatput is bound to occur. Indeed, in the
baseline version of our analysis, a permanent aseren government debt has no short-run
effect on output different from its (relatively igsificant) long-run effect. In other words, it
causes neither boom nor slump. Such a policy measuherefore completely ineffective in
raising output. This is despite setting it in a noatodel which deliberately incorporates
features which might be expected to give it somerkege.

What is the explanation for this ineffectiveness@ Stiow that the critical factor is the
monetary policy regime. In our baseline case, veeirag a Taylor Rule for monetary policy,
i.e. a rule which makes the nominal interest rafaration of current inflatiod. In recent
years this has become the standard way to repressrgtary policy, for reasons which have
been widely discussed. In the case of a basic fofrthe Taylor Rule and a permanent

increase in government debt, it is not possibléetve the parameters of the Taylor Rule

2 \We omit output from the Taylor Rule but its indglus would not change the result.



unchanged if it is desired to ensure a particidaell of long-run inflation, such as zero. The
‘intercept’ term in the Taylor Rule has to be iraged. This adjustment is the prima facie
source of the neutralising effect on debt. A deepsrussion is presented in the body of the
paper.

This result is striking but one may ask how gendred. We hence proceed to explore
ways of escaping from it. First we seek to remairairegime of Taylor Rules. Empirically
realistic Taylor Rules allow for ‘interest-rate sotioing’, such that the nominal interest rate
responds only gradually to changes in inflation antput. To study this analytically, we look
at a monetary policy in which the nominal intenede is pegged exogenously at its old level
for one or more periods before the basic TayloreRakes over. We show that this delay in
raising nominal interest rates also delays the insthe real interest rate, and that this is
crucial in enabling government debt to boost agageglemand. We also allow for gradual
adjustment of the nominal interest rate using nicaksimulation. We find that when this
feature is incorporated, a short-run positive éff#fca permanent debt increase on output is
again restored. Another possible escape from fisedfectiveness which we consider is to
undertake a temporary rather than a permanentaserén government debt. Since the
increase is temporary, it is feasible to leave gheameters of the Taylor Rule unchanged
while still ensuring zero long-run inflation. Weash that a temporary increase in debt does
increase short-run output even under the basicof &ule.

A second avenue for exploration is to consider wiepens if monetary policy is
instead conducted by fixing the money supply, whicks the standard assumption until it
was displaced by the Taylor Rule. In the later patihe paper we investigate this. A short-
run Keynesian boom once more re-emerges, bothsporese to a permanent increase in
government debt, and also to a temporary increéassmparison of this monetary regime
with the Taylor Rule regime enables us to deepenuoderstanding of why debt can be
ineffective in the latter. Under interest-rate e¢ohtthe money supply is an endogenous
variable. In the face of an increase in debt itggsndownward. This avoids the need for a

period of inflation in order to reduce the stockreél money balances to its new long-run



equilibrium level, and so avoids the need for arbaa output in order to generate such
inflation.

Other authors have studied fiscal policy, and niteraction with monetary policy, in
DGE models in which ‘Ricardian Equivalence’ doest rwld. In particular, various
contributions by Leith and Wren Lewis (e.g. 20000, 2008) have covered and highlighted
many issues. To our knowledge, however, the patiniirastic effect of a Taylor Rule on
the effectiveness of fiscal policy in a non-Ricardimodel has not been noted before. A
considerable number of papers have examined thermietcy of perfect-foresight
equilibrium in DGE models with overlapping genevas and money, with or without
staggered prices and dynamics of government déigsd include Bénassy (2005, 2007b),
Piergallini (2006), Leith and Wren-Lewis (2006) drelth and von Thadden (2008). Bénassy
(2007a) shows that fiscal policy can be effectimeai simple Samuelson-type OLG model
with one-period price rigidities. Gali et al. (2Q0@reak Ricardian Equivalence by using
‘rule-of-thumb’ consumers and show that this capla&x the econometric evidence of a
positive effect of government spending on consuomptFinally, Chadha and Nolan (2007)
look at optimal simple monetary and fiscal poliajes in a Blanchard-type framework.

The structure of the paper is as follows. The nacomomic assumptions are presented
in Section 2. Section 3 examines the effectivermédsscal policy when monetary policy is
governed by a Taylor Rule. Section 4 does the sah®® monetary policy is governed by a

money-supply rule, and Section 5 concludes.

2. Structur e of the M odd

The model brings together overlapping price setimthe manner of Calvo (1983) and
overlapping generations in the manner of Blanci{aB85). Since we are interested in the
gualitative features of such an economy rather thaguantitative matching of the data, we
construct the model as sparingly as possible, adistg from elements which would
complicate the dynamics unnecessarily and increhsedifficulty of understanding the

mechanisms at work. A DGE model with overlappingnayations and overlapping price



setting already contains numerous intrinsic soumeslynamics. Amongst the elements
omitted is capital accumulation. Although this e&ry commonly studied in conjunction with
overlapping generations, our focus here is on shonmnedium-run time spans during which

changes in capital can reasonably be ignored.

(1) Household behaviour

We use a discrete-time version of Blanchard’'s (198Brpetual youth’ overlapping
generations model, in which agents have an exogemmbability,q (0 <q< 1) of surviving
to the next period. This well-known framework consmtly permits the average length of
life to be parameterised and includes infinite $ias a special case, namely whgre 1. In
order to have a demand for money and an endogesupdy of labour we include real
money balances and labour as arguments of théydtilnction. However the latter raises a
potential difficulty, which is that if leisure is ‘aormal’ good a fraction of households will
have a negative labour supply. To avoid this usfatiory implication, we assume a
particular utility function which makes labour sippwvealth-independent, as discussed
below.

Specifically, the household’s optimisation probleray be stated as:

maximise 22 (B0) " In(CLAIM, /R - (0] 915, (1)
subjectto RC,, + Mg, +BY = (L/q)[Mg,_,+(L+i_)Bl_J + WL, +M-T,, 2)
fort=n,... .

Here,n is the current period ansl(< n) is the household’s birth-period; denotes the

consumption in periotl of a composite good (defined below) by a houseboldh in period

s, and likewise for money holding$/ bond hoIdingsBS'\"t and labour supplyLy;,.

St
R, W ,i; indicate the price index, wage, and nominal irserate, respectively; whilél,, T,

denote profit receipts from firms and a lump-sum, t&hich are assumed age-independent.
The parameters satisfy 04 0< 1,£> 1,7 > 0. Note also that, as in Blanchard (1985), the

household receives an ‘annuity’ at the gross ragei its total financial wealth if it survives,



this wealth passing to the insurance company digs. This is an actuarially fair scheme
which nets out across the population so that inliegum the profits of insurance companies
are zero.

The utility function (1) is a modified version ofhe originating with Greenwood,
Hercowitz and Huffman (1988) (‘GHH’). The modificat consists in introducing real
money balances. Its implications for behaviour ¢enseen by deriving the first-order

conditions for the above problem, which are afod:

Cotrr = (ResCoper/ Mgy’ (7/ )L5 141 = ,3(1+rt)[cst ~(RCs,, /Mst,)(y(’?/‘g)l—it,]! 3)
Mg/ (RCs;) = (1_5)_15(1+it)/it’ 4)
W/R = (1-8)(RCq /M, ) nLE" . (5)

Here, 1+r, denoteg¢l+i;)R /R,;, the real interest rate. It is also helpful toidefmoney
demand per unit of consumptiotM,/(RCs,), as Zg,. Then (4) shows thaiZg,is
independent of an agent’s birth daseand is a simple decreasing function of the nomina
interest rate. From (5) we observe that an agdattsur supply,L,, does not depend on his
consumption except throughg,. Since Zg, is the same for all agents, labour supply is
therefore also independent ®fThis is our reason for using GHH preferencesliihinates
the income effect on labour supply which would ot¥ise arise through the presenceQyf,

in (5), Cs; being a variable which is generally increasinghwain agent's age;s. This

enables us to have coherent microfoundations awpithe problem of old agents having
negative labour supply. It is important to strdssyever, that our macroeconomic results do
not depend in any fundamental way on this spetitinaf preferences.

Incorporating wealth-independent labour supply thascost that the utility function is
not additively separable. One consequence is tl&etis a direct positive effect of real

balances on labour supply, as can be seen fronTl(tg.is the ‘Brock effect’ (Brock, 1974).
Intuitively, higher holdings of real balances (aglter Z,, to be precise) give the household

% This issue is discussed in more detail in Ascad &ankin (2007). The utility function used herefiist
proposed there. We adopt it because we regard imedabour supply as an unsatisfactemcroeconomic
feature.



an incentive to supply more labour since they cemgnt consumption, raising the marginal
utility of the latter. We would not expect this &t to be empirically important but since it is
present we should be mindful of it when trying twdarstand the model’s propertfeblon-

separability also introduces direct effects of labsupply and of real balances on
consumption. This can be seen from the presendg,0nd Z, in (3), which is a version of

the Euler equation for consumption. The compositth;f(nlg) L;t, which is subtracted

from both sides of (3), acts like a ‘subsistenes’el of consumption. In our model the Euler
equation can be viewed as determining the growtthaf‘adjusted’ consumption, where the
latter is defined as actual consumption minus utissstence level. For the reasons given
above, subsistence consumption is independenteof ag

Although households of different ages choose thmes#abour supply and money
demand per unit of consumption, in general they have different lifetime wealth levels
and choose different consumption levels. Othergshineing equal, households who have the
good fortune to live longer will have higher wealdnd there will be a distribution of
consumption and wealth across the population ingenod. For aggregate consumption to
be a function only of aggregate wealth (and of tiedaprices), and thus for it to be
independent of the shape of the wealth distributibnis necessary that an individual
household’s consumption be linear in its totaltirfee wealth. For the utility function (1), we
can confirm that this is the case. We thus prestreefeature that made easy aggregation
possible in the original Blanchard (1985) paper.

Given the above, we can derive a counterpart ofrtlividual Euler equation, (5), in

which individual is replaced by aggregate consuamti

Con=Z01 &) = BA+R)[C-Z° (1) ]| - 1-0)a-Ba)Lia-1);.  (6)

Absence of ans subscript indicates an aggregate value (or, eddently, an average value,

since the population size is one). The relationstip generic aggregate variab}g, to its
constituent individual variableXs;, is X, =%\, (1-g)q X, . In the cases d andL we

* Obviously the Brock effect would be absent in astess’ model. However, we need to have monewin o
model because we want to investigate also the aasemoney supply rule, to show how the choicehaf t
monetary policy instrument influences the effecfisdal policy.



have already seen that individual and aggregateesadre the same, but this is not generally
true in the case of consumption. Nor is it tru¢hiea case of financial wealt;, which, for an

individual, is defined as the sum of his money badd holdings in real terms:

Vo1 = (1/q)[Ms,t-1+(1+it-1)Bs'\'1_]]/Pt.5 7)

(Notice that this is the first term on the rightakdaside of (2), expressed in real terms.) The
‘aggregate Euler equation’, (6), says that the gnosate of aggregate adjusted consumption
depends positively on the real interest rate (asthe case of individual adjusted
consumption), and (to the extent tltgp 1) negatively on aggregate financial wealth. A
similar relationship is found in Blanchard (1985%)daother applications of the ‘perpetual
youth’ model. The negative influence of financiakaith arises from the ‘generational
turnover effect® Such an effect occurs because some old agentepiseed by newborn
agents betweenandt+1, and in general the newborn, since they havénamcial wealth,
have lower consumption than old agents, who hawktime to accumulate it over their
lifetimes.

It remains to define composite consumption. We @mgsa continuum of types of good,

indexed byi [0 [0,1]. The household has CES utility over goocegygiven by:
61(6-1
C, = [Begrea ", o>, ®)
The subsidiary part of its optimisation problentdsallocate spending amongst good types to

maximise (8) subject to a budget constraﬂ;ﬂFi”tCi sdi=lg,, where I, is its income

available to spend on goods. This leads to theli@ngemand function for good type

- g . L-6)
Cst = (R/R) (I /R)  whereR E[ﬁ) R Hdl]

: (9)

in which @is also the price-elasticity of demand. MoreovegraoptimumCg, =1, /R.

® The relationship of aggregate to individual finmhavealth is slightly different from the generahe just
given, being, rather(l/q)vtzz‘s:_oo (1—q)qt_s\/st. This is because we have included the annuity ytaiyo our
definition of ;. Such a payout does not apply to the aggregateblarsince it is a redistribution from those

who die to those who survive.
® This effect is so named by Heijdra and LigthafiQ@).



(i) Firm behaviour

Firms are monopolistic competitors who produceedédhtiated goods. As an input they
use labour hired in a competitive market. Pricegggaing is introduced through Calvo’s
(1983) mechanism, in which a firm is allowed tousdjits nominal price with probability &-
in any period, while it has to keep it fixed withopability a. The optimisation problem of a

firm, i, which receives the opportunity to adjust its @iilc periodn, can thus be stated as:

maximise Ey (22080, M1, /R) (10)
where Mie = RV WL,

Doy = @+0) M A+r, ) L@, )t with A, =1),

subject to Y, =L, O0<os1, (11)
Y = (R/R)Y, (12)
R, = B,y  with probabilitya, (13)

fort=n,... 0.

Here,Y;,,R;, L, are the output, price and labour input of firn\; is the wage and,, , is

the discount factor. The demand for goad given by (12), which is the aggregation across
all households of their individual demands, (9uspthe demand from the government (see
below). Being infinitesimal relative to the econoray a whole, the firm treats the macro
variables which shift its demand functiofi,andP;, as given. It also treais; as given. This
is a standard set-up in New Neoclassical Synthrasidels. The nominal rigidity combined
with monopolistic competition generates the Keyaesfeature that output is demand-
determined. This is because firms will always prdéesatisfy any unexpected increase in
demand, given that price will have been set aboaegmal cost as a result of the firm’s
monopoly power.

Solving the optimisation problem yields the follogiexpression for firm's ‘new’ or

‘reset’ price:
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_ Y (@-6+8lo)
o _t-n 1/0y flo-1
_ | 8 2= ALY TTWR

) 6-1 az:ina't_nAn,thF:t'g_1

n (14)
‘Xn" denotes the new price set in perlmedSymmetry amongst firms means that all firms able
to change their prices in periodwill choose the same new price, so that iheubscript is
needed. (14) is a forward-looking price-settingertylpical of models with Calvo-style price
staggering. It says that the new price dependsuwremt and expected future values of
aggregate output, the general price level and togevievel.

The general formula for the price index was givel9). Combining this with the Calvo
pricing assumption, we obtain an expression forpiiee index as a function of current and

lagged values oX::

(15)

j ]1/(1-9) |

R = [-a)2 0! X

This arises from the fact that, of all the pricegdrce in period, the fraction which were last

reset exactly periods ago is (1) d'.

(i) Government behaviour

The government’s budget constraint in nominal teisns
RG-T) + iaBY = (B -BY)+ (M~ My, (16)

where G; is purchases of firms’ outputs, measured in teahshe composite good. We
assume government spending on gad@di;, is determined by a demand function analogous
to a household’s demand function, (9), and withstme price elasticity.

Defining the real value of government bondsBas B / R, we can rewrite the budget

constraint in real terms as:
G-T, = B-@Q+r)B_1+(M-M_,)/R. (17)

Clearly, only three of the four policy instrumen{s;, T;,B;,M;), can be chosen independently
in any periodt. Below, we always také&; to be fixed at some exogenous, time-invariant,

value, G. We take the second independent fiscal instrunheriie real government debt,
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inclusive of interest, which we denote & =(1+r,)B,." With either M; or i; being

determined by the monetary policy rule (see beldl¥ leaves the lump-sum tak, to be
determined by (17) as the residual instrument dtpoSuch a fiscal regime allows us easily
to study the effects of simple types of changehm level of government debt. It is not our
goal here to study an empirically ‘realistic’ fisegagime: for example, one that incorporates
‘automatic fiscal stabilisers’, making; andT; functions of output; or one that involves rules
limiting the government deficit or debt levels s percentage of GDP. Other authors (e.g.
Leith and Wren-Lewisop. cit.) have studied such regimes using models similathéo
present one, but these have the drawback that aepelicy instruments are changing
simultaneously, so that numerous effects becomertimned. Instead our objective is to
conduct simple fiscal experiments which will elutiel the mechanics of how the
macroeconomy is affected. Amongst other things, dwposing the time path oB
exogenously, we remove endogenous changes in tok sff government debt as an

additional source of dynamics.

(iv) Market-clearing conditions

Equilibrium in the goods market requires that:

Yt = Ct+Gt' (18)

This version of the equation is for the composed) but a similar relationship also holds
for every goodi.

To write down the condition for equilibrium in tHabour market, we first need the
aggregate demand for labour. The derivation of thigiven in Appendix A. Equating
aggregate labour demand to aggregate labour suppbre the latter is given by the inverse

of (5) (dropping thes subscript, for reasons explained), we have:

(19)

- _ 1/(e-1)
YHORIRYY = [nta-az W IR] T .

" Government debt should therefore be thought dindexed’ debt. More precisely8; is the number of ‘real
treasury bills’ issued, i.e. it is a promise toided B { units of the composite consumption good to theléad of
the bonds at the start of peritel.
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Here, f{ IS a price index very similar t& - see again Appendix A. Below, in order to study

the macroeconomic implications of the model, weetak loglinear approximation to its
equations. When we do this it turns out that, lgca® = P, in which caseR drops out of
(19). In fact, the aggregate labour demand functiorthe LHS of (19) is then simply the
inverse production function applied to aggregatpoi) as can easily be seen.

Equilibrium in the bond market requires that the@genous, government-determined
stock of bonds should equal the aggregate demariddm by households. At this point, note

that aggregate financial wealth can be written as:
V, = M,/R,;+B. (20)

The B/ component is exogenous under our fiscal policyimeg The other component,

Md/P¢1, iIs endogenous, and in money-market equilibriure mnhust equal money demand as
given by the aggregate version of (4).
(A complete set of the equilibrium conditions foetfull non-linear model is provided

in Appendix E.)

(V) Seady-state general equilibrium

It is useful at this point to note some featureshef steady-state equilibrium in which
all aggregate real variables are constant over. v consider only steady states with zero
inflation since, later, the monetary policy regimid be constructed to ensure long-run price
stability.

One important steady-state relationship is:

P ol(o-¢)
Yy = { -/ } 700/(e-0) 1)
(6-1)o(1-9)

(Absence of a time subscript denotes a steady-gtdtie.) From this we see that, in the long
run, output is positively related to money demaedymit of consumptiorZ. The reason for
this is the ‘Brock effect’ mentioned earlier: highequilibrium real balances raise the

marginal utility of consumption, due to non-sepdrgbof the utility function, which in turn
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stimulates households to increase labour supplye Noat in the steady state prices are
effectively perfectly flexible, whence steady-statgput is determined by the ‘supply side’
of the model. The Brock effect will be weak to #dent thatois small, and empirically we
would expecidto be close to zero.

A second important relationship is the steady-statsion of (6), the ‘aggregate Euler

equation’:

1+r =1/ + (1-90)A/B-q)A/lg- 1y /A. (22)

‘A" here denotes ‘adjusted consumption’, as definedva. (22) makes clear that, with
infinitely-lived agents ¢ =1), the long-run real interest rate is simply &qto the time
preference rate, £/-1. However, with overlapping generatioms< 1), the real interest rate
exceeds P2 -1, the size of the gap depending positively om ithtio of financial assets to
adjusted consumption. Intuitively, this is beca(®2) is the (inverse) ‘demand function for
financial assets’. A high value of causes households to choose a positive ‘tilt’hisirt
lifetime consumption profiles, and since they h#wee-invariant labour incomes in a steady
state, in order to achieve this they need to actammdinancial assets during their lifetimes.
In the aggregate, such behaviour generates aymdgimand for financial assets as a store of
value, and this demand is increasingrinFrom (22) we can also see how Ricardian
Equivalence fails wheq < 1. Notice that an increase in the stock of govemt debtB',
adds toV and thus raises (For the moment consida¥)/P, the other component &f, as
given.) This means that whep< 1 government debt affects real variables ant sbearly
‘non-neutral’. However, what remains to be seethéform which this non-neutrality takes
in full general equilibrium.

In a zero-inflation steady state wheBe = G = 0, we can derive the following

completely reduced-form solution far

r = {181y + (WB-1x P+ 41T (23)
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where y = (1/8-q)(L/q-1)0[1- (1-3 ) @- 1) /6 T*.® We can easily see from (23) that
wheny = 0,r = 1/3-1; while wheny > 0,r > 1/3-1. One special case in whigh= 0 is when

g = 1, which is the result noted above. However tlagrospecial case in whigh= 0 is in the
limit as 0 — 0. It is useful to understand why this occurs. As. 0, the demand for real
balances tends to zero, as is apparent from (49. éduilibrium level of real balances is
determined by the demand for them, since evereifnitiminal money stockl is exogenous
what matters is the money stock divided by theeptevel, and the latter is endogenous.
Since we have already assumed ®lat O in deriving (23), it can be seen that by tejtd
tend to zero we reduce thatal stock of financial asset¥, to zero. The earlier equation (22)
tells us that, even i < 1, in such an extreme case the real interestwal still simply equal
the time preference rate. The intuitive reasortha is that if the supply of financial assets is
zero, then for the market to clear the demandHemt must also be zero, and to achieve this

the real interest rate must be driven down toithe preference rate.

(vi) Aloglinearised and partially-reduced form of the model

In order to permit algebraic investigation of thedal’s properties, we now loglinearise
its equations. The ‘reference’ steady state abditiwwe take the loglinear approximation is
that in which inflation, government spending andegoment debt are all zero. The value of
the real interest rate in this steady state isrglwe(23). Since it appears frequently as part of
the coefficients of the loglinearised equations heaceforth denote it ag.

Appendix B provides a complete list of the undertyiloglinearised equations. In the
New Neoclassical Synthesis model to which ourslaseaty related, the standard way of
combining these equations is in the form of a ‘NKeynesian Phillips Curve’ (NKPC)
equation and an ‘IS’ equation. So far as posswWie,adopt the same approach here. This

yields the following equations (derived in Appen&ix
7 = (1) Ty + Ky, —(e/ 0 -1)"07], (24)

[1-(1-3)A-1/0)yy + (1= )07

8 (23) is the larger of the two solutions of a quaidr equation. We discard the smaller solution bseait
implies thatr, and thus, is negative, which is economically meaningless.
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= )L~ - 0)a-18)y, + (-7 Pz}
+ BA+1R) M~ T) — BYAHIRY TV, (25)

z (=m-p-y) = IR, (26)
Vi = M- Pt (27)

Unless otherwise stated, lower-case variables lageldg-deviations of their upper-case
counterparts; e.g: = In Y; - In Yg (Where R’ denotes the value in the reference steady state).

p: is just defined as IR; and the rate of inflation ag = p; - p.1. The interest rate variables are
defined asiAt = In(1+y) - In(1+R), F;, = In(1+y) - In(1+R). In the case of debt, sindg; = 0,

the log-deviation of is not well defined; hence we ube= (B —Bg)/Vg. In the above and
henceforth we also set government spendiiigpermanently to zero; hengeandc; are the
same variable. Two new composite parameters whichpear here are
k=(l-a)a-A+rx) Y J1-6+8/0) Y elo-1) and ¢ =[1-(1-3)(1-1/8) /e T*, which
are both positive.

(24) is the NKPC equation for our model, givinglatibn as an increasing function of
current output and of expected future inflationessentially derives from the price-setting
and price index equations, (14) and (15), togethigh the condition for labour market
clearing, (19). Compared to the standard modehatsel feature is the inclusion af which
is the result of the ‘Brock effect’ of real balasada stimulating labour supply, as discussed
earlier. (25) is the IS equation which, as in te&ted literature, derives from the Euler
equation for consumption. One of its distinctivattges here is the inclusion of financial
wealth,v. This is the result of the ‘generational turnoveifect on aggregate consumption,
as explained above. Another distinctive featurehis presence of and z.;. These are
additional consequences of non-additively-separaliibty, which causesZ; to be a
component of ‘adjusted consumption’, as seen abdaging noted that; enters the NKPC
and IS equations, it is clear that our model, wnlike standard model, cannot be solved

without also using the LM equation, given by (2BY.substituting the LM equation into (24)

and (25) we can eliminatg introducing further instances ﬁf.
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The system consisting of (24)-(27) still does naiviide a complete description of the
economy’s time path because it remains to add aetaonpolicy rule. In the next section we
do this using a Taylor Rule for the interest raeg we study the macroeconomic behaviour
which results. In the following section we re-wdte analysis assuming instead a simple

rule for the money supply.

3. Fiscal Policy when Monetary Policy is Governed by a Taylor Rule

The standard way to represent monetary policy eeneyears has been to assume that
the nominal interest rate is set as a functionhef inflation rate and of output. The best
known example of such a rule is that of Taylor @Q9n our log-deviation notation, such a

rule could be expressed as:

A

= T+@m+gy,. (28)

Here, ¢, and ¢, are positive feedback parameters. In fact, in idiedws, we shall simplify

by assumingg, = 0. This reduces the amount of algebra witholgtctihg the main results.

I is the ‘intercept term’ and represents the valuthe (nominal and real) interest rate
in a steady state with zero inflation. In the s&dg infinite-lives ¢ =1) model, the steady-
state real interest ratels simply given by = 1/3 -1, as already noted. Using the ‘deviation’
measure it is given by = 0. Zero steady-state inflation is thus obtaibgdsettingi = 0.
This can easily be seen from (28), which whgn= 0 impliesf (=i =) =T + (g, - 1) in
the steady state. However, in the overlapping-gaimers ¢ < 1) model,r has a more
complex set of determinants, amongst which is #éwellof government debt. The level at
which i needs to be set in order to ensure zero steatbyisttation is therefore endogenous
and remains to be calculated: it will simply be tevar is the associated level of the steady-

state real interest rate.

3.1 A permanent debt increase under the basic Taylor Rule
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We first consider a fiscal policy experiment in waiithe economy is at the reference
steady state in peridd= 0, and then it = 1 the government raises the stock of dépt,to
some positive valueh’, and holds it there permanently. This implies tiiere is a cut in
taxation, z, in period 1, and hence a budget deficit whichsla®r one period only.
Thereafter, taxation is raised to whatever leveéguired to restore the budget to balance and
to keep it there.

We start our analysis of this policy by examinihg properties of the new steady state
with which the higher debt level is associated. Ghestion of whether and how the economy
converges to this steady state is addressed subrgggurhe Taylor Rule itself plays no role
in determining the steady state other than viaasgumption that it is parameterised to ensure
steady-state inflation is zero. Hence for now wendbneed (28) but we will return to it when
considering the dynamics.

Proposition 1. A permanent government debt increase. (i) When q < 1, a
permanently higher government debt increases the steady-state interest rate (real as well as
nominal, since inflation is zero) and reduces steady-state output. When g = 1 these effects are
zero, and Ricardian Equivalence holds. (ii) Under a Taylor rule like (28), there are no short-
run effects on output different from the long-run effects, because the system entails an
immediate jump to the new steady state with no transitional dynamics.

To prove part (i), first we use the system (24)}(&Y solve for the new steady state
values. In doing so, we substitute ont- p.1 from v asz + y; - 71.1. Setting variables to
time-invariant values andgrto zero, we then have four equationsyin (zv). From these we
can solve explicitly for the steady-state valugs X as functions of the government debt

level, b’ (see Appendix C):

y = {Ba+)-1-w + [1B0+re)-To-yrz v ]} . (29)
= e Bar i) -1y + (B )~ oyt v ]E W) w. (30)

Four new composite parameters are introduced setbgpressions, namely:
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p = [L-A-3)A-1OT (A~ PRt v = [L-1-3)A- 1O B+ 1),
¥ = L-(1-0)A- U HBAR)-1, € = k(elo-1) argt.

p, Vand¢ are unambiguously positivg/is positive ifqg < 1 and zero i) = 1, since then I

> 1/p or = 1B, respectively, as noted above. The signs of tledficeents onb’ in (29) and
(30) can be seen to depend on the sign of the &redkterm {.}. {.} is common to both
expressions and its sign is at first glance amhigublowever the sign can in fact be resolved
to be negative, as we show in Appendix C. Then (peof Proposition 1 follows.

That higher government debt should raise the rdatest rate is to be expected, since it
is a standard result in other overlapping-genematimodels (e.g. Diamond (1965), Blanchard
(1985)). It occurs because, as noted, overlappmgemtions give rise to a steady-state
demand for financial assets which is increasinthéinterest rate. Hence when the supply of
such assets is expanded by increabinthe interest rate has to rise to clear the anaéiet.
The finding that output falls is perhaps less exgcespecially since there is no capital in
our model. One might be tempted to guess thatatrscbecause the increased bond stock,
being perceived as ‘net wealth’ by households,eases the demand for leisure and so
reduces labour supply. However, this is not corrsicice our use of GHH preferences has
removed the wealth effect on labour supply. Instéael mechanism works through the Brock
effect: the increased nominal interest rate redubesequilibrium stock of real money
balances, which then reduces the marginal utilitpomsumption and the incentive to supply
labour. We would not expect this effect to be emglly large becausé, the weight on real
balances in the utility function, is likely to bkse to zero in a realistic calibration.

To prove part (ii), next consider the perfect-fagas transition path to the steady state
following the once-and-for-all increase in govermmdebt. Writing the economy’s laws of

motion in a relatively compact form, we have:
Ty = QiR = Ky, = &l (31)

yt+1_,0iAt+1 = BA+1R)(% _p'At) + VGAt —Ttq) — YN _n;]{t - gy 1), (32)
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=T + @r. (33)
This system has been obtained from (24)-(27). (dieknitions of p,v,¢,§) were given
above.) (31) and (32) can be understood as slightiye reduced-form expressions for the
NKPC and IS equations, respectively. Relative ® standard versions of these equations,
the differences are, firstly, the term¢nin the IS, which is present wher< 1 and represents
the generational turnover effect; and, secondlg, tdrms iné and p in the NKPC and IS
(respectively), which arise from non-separabilitylee utility function.

Part (ii) of Proposition 1 is the benchmark resilthe paper and one can see why it
holds simply by inspecting the system (31)-(33)teNihat (31) and (32), witﬁ governed by
(33), constitute a pair of simultaneous first-orddference equations irvgy;). 71 andy; are
both non-predetermined variables. Therefore, fdei@rminate perfect-foresight equilibrium
to exist, we need the two eigenvalues of the sydtetre outside the unit circle. We shall
discuss further this condition below, but for thement let us assume that it holds. Now
notice that if the economy is initially in a steastgte withb’ = 0 (and hencer=y = 0), and

then, int = 1, Iy is raised to some positive valbeand held there permanently, then there is

no time-variation in any exogenous variable oftlistem over the intervak 1,...0. This is
because the only exogenous fiscal policy variabl€8il)-(32) ish’, and by assumption it is
held constant di' fort = 1,...e0. It then follows that the economy must jump imnagelly to
its new steady state. This means that the impdettebn output, inflation and all other
endogenous variables is the same as the long-rect.ein other words, despite price
stickiness and the lack of Ricardian Equivalenhe, attempt to give a short-run Keynesian
stimulus to output fails. Output moves straightittonew steady-state level which, as seen
above, idower - even if not much lower - than its initial levd@lhe inflation rate, for its part,
stays at zero in every period, and hence the p@ie# does not change.

Everything we have said above holds only if thetespsadmits a determinate perfect-
foresight equilibrium. Similarly to what was foumdsome other studies, Proposition 2 states
that the determinacy condition is different in ahGsetup, relative to the standard NNS

model.
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Proposition 2. Determinacy of the perfect-foresight equilibrium. Let ¢ = 0 in (28).
Then the minimum value of ¢, needed to induce determinacy is increasing in the degree of
price stickiness under overlapping generations (g < 1).

As usual, determinacy requires that the Taylor Raleameterg, be sufficiently large.
Under infinite lives ¢ = 1), this condition would be simplg,> 1. Appendix D, on the other
hand, shows that the condition for determinacy uwserlapping generationg € 1) can be
depicted as in Figure 1. For high degrees of wimkiness (highr, and thus low), a value
of g;much greater than one may be needed for detergniQamversely, for low degrees of
price stickiness (lowa, and thus highk), a value ofg@; less than one may be sufficient.
Proposition 2 states verbally what is shown in Fegl

In the related literature, Bénassy (2005) findst tthee magnitude of the feedback
coefficient on inflation becomes irrelevant for ei@inacy when overlapping generations are
introduced. However he assumes a different fisoi€y to ours, in which the total nominal
stock of government liabilities (bonds plus moneyheld constant over time. Piergallini
(2006), meanwhile, finds that overlapping generetioelax the normal Taylor Principle,
independently of the degree of price stickiness.

To give a specific illustration of the above effeaf higherb’, we carried out a
numerical simulation exercise. For this we usedftiienon-linear model. This also provides
reassurance that the result does not depend ars¢hef linear approximation. The equations
and the calibration of the non-linear model arecdbed in detail in Appendix E. Figure 2
gives the impulse response functions for a poligpeeiment in whichly is increased
permanently from zero to a value equal to 1% ofghreck GDP. The responses confirm the
analytical results already discussed. Moreover, dffiect on output, although negative, is
guantitatively negligible. (Notice that some ofsbdigures use a larger vertical scale in order
to make small responses visible.) Figure 2 alsmwshthat the nominal and real money
supply fall. Nevertheless total real financial wkatises, the fall in real balances being
dominated by the increase in government debt.

What is the intuitive explanation for the fiscaleffectiveness? As we will show

subsequently, the result is highly sensitive torttanetary policy regime, and thus to the use
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of the basic Taylor Rule. Note that under the basiglor Rule, the intercept term jumps

up immediately when debt is increased. This is edgeds pointed out above, to keep steady-
state inflation at zero. Intuitively, then, thee an induced response in the setting of the
interest rate which instantly wipes out any positeffect of debt on aggregate demand.
Viewed in terms of a simplified version of the I§uation, (32), we can think of ‘current’

output, y;, as being determined by expected future output, by the real interest rate

I, = 7%,, and by government deltf. (For heuristic purposes, ignore the termgiand the

real-balance terny;- ngliAt -7t:1.) Moreover we can loosely tregt; as exogenous because,

relative to current output, future output is lese@ed by price stickiness and aggregate
demand, and more by the economy’s supply side. Rhasnsimplified perspective, then, a

rise in debt will raise current output unless ibféset by a rise in the real interest rate. The
latter is what happens in the new steady stateutrpolicy experiment, however, this rise in

the real interest rate in fact occurs immediatéhat makes this immediate rise in the real
interest rate possible, despite the unchangedtimilais the upward jump in the Taylor

Rule’s intercept term and thus in the nominal iesérate.

Another view of this is the following. Elsewherethre literature it has been shown that
the Taylor Rule is effective for stabilising outgot the ‘output gap’) in the face of random
shocks. To use it in this way, the authorities needdjust the intercept term to match, one-
for-one, fluctuations in the ‘natural’ rate of inést’ The present result shows that this idea
remains valid when the shock is a change in govemrdebt, and not just, for example, a
change in productivity or preferences. Even thotlgh debt increase is a deliberate fiscal
policy change, the Taylor Rule neutralises its @flen output just as if it were a random

private-sector disturbance.

3.2 A permanent debt increase under a Taylor Rule with interest-rate inertia
If the immediate increase in the Taylor Rule’s foépt term, and thus in the nominal
interest rate, is what neutralises the output effiéthe debt increase, this would suggest that

a way of restoring fiscal policy effectivenessasatvoid the increase in the intercept term. It

® See for example Woodford (2003), Ch. 4.
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cannot be avoided forever, because if the longHnflation rate is to remain at zero, there
must eventually be a rise in the intercept terntlierreason explained earlier. However, what
could be done is to delay the increase in the nalmimerest rate. Indeed, this scenario
appears to capture well what happened in many west®nomies in the recent crisis, where
an expansionary fiscal policy was assisted by nawggbolicy keeping the interest rate at
historically low levels.

Assume for the moment that monetary policy pegs tloeninal interest rate
exogenously at its original level for one or moegipds at the start of the fiscal expansion,
before reverting to the Taylor Rule, (28). Beinmp®rary, such an exogenous peg does not
induce indeterminacy of the perfect foresight eguiim as a permanent peg would do. The
exogenous peg assumption also allows us to denabytacal results. This is because, if the
Taylor Rule is restored from periad= T onwards, we know that the economy will be in its
new steady state from perioe T onwards. If the debt increase occurs in pefidd we can
then solve backwards in time to find the effectygn. Indeed, if the debt increase occurs in
period T-2, or T-3, etc.,, we can extend the solution further backaaThe results are
summarized in Proposition 3:

Proposition 3. A permanent government debt increase with a delayed interest rate
response. Under a temporary interest-rate peg, the debt increase causes a boom in output in
the impact period. In the case of a multi-period peg, the size of the impact boomisincreasing
in the number of periods that the interest rate is pegged, and the boom dies away as the
moment for the Taylor Rule to be re-instated approaches.

Although we can demonstrate these results algebigicfor brevity we shall not
present the proofs het®.Instead in Figure 3 we provide an illustrationnfr@ numerical
simulation of the non-linear model (using the sgrammeter values as before) in which the
nominal interest rate is kept fixed for 8 periolss clear that, far from immediately jumping
upwards to its new, higher, long-run value, the i&arest rate under such a policy miait
(relative to its original value) during the periofithe interest rate peg, since there is inflation

during this period. It is this which avoids the arpionary effect of government debt from

9 They are available upon request.
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being offset, and hence a short-run boom in oudipas now emerge. Indeed the fall in the
real interest rateeinforces the boont! Referring to our earlier intuitive discussion @rrhs
of a simplified IS relationship, the fact that tmeal interest rate is prevented from
immediately attaining its new, higher, steady-statkie is what permits the increase in debt
to boost current consumption demand and thus autput

More generally, it has often been noted that irctoza central banks typically adjust
interest rates only gradually. Accordingly, emmfistudies of interest-rate setting find that,

in place of (28), a relationship such as

= - N0 +@E+gY) + X O0sx<1) (34

fits the data better, whepecaptures the degree of nominal interest-rateimert

The use of a Taylor Rule with inertia introducegsredetermined state variable into the
model. Its laws of motion are now given by (31R)(@nd (34) (in which we shall again ggt
= 0). The dynamics become third-order, and thustixgly complicated. Numerical
simulation is the easiest way of investigating fireperties of such a system quickly.
Accordingly, Figure 4 shows a simulation of theseff of the same permanent debt increase
as before, for the case wheye 0.9. It can be seen that a short-run boom ipwutccurs in
this case too, dying away asymptotically. Agaim, kiey to achieving this expansionary effect
is the sluggish response of the nominal interest, l@and thus also of the real interest rate.
Inertia in the Taylor Rule thus makes a cruciatedénce to the effectiveness of government
debt in influencing aggregate demand. Investigatibother parameter values shows that the
inertia needs to be substantial in order for thisvork. For example, ik = 0.3, then there is
no short-run boom: there is merely a delay in oufglling from its original level to its new,
slightly lower, steady-state level.

Therefore, despite the negative ‘benchmark’ rasuRroposition 1, our model can still
explain how the ‘fiscal stimulus’ policy pursued tmany governments in the 2008-9 ‘credit

crunch’ recession almost certainly did contributeatleviating that recession. During the

1 A related mechanism is at work in causing a laygeernment spending multiplier for a ‘Ricardianbeomy
in a ‘liquidity trap’, as noted by Christiano et €011).
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recession, central banks cooperated with goverrsmentkeep the nominal interest rate
pegged at a value close to zero, rather than cpiginn the face of a big increase in
government debt. Had they done the latter, the rsipaary benefits would have been
completely lost. Our model also has implications tfte problem of reducing government
debt without causing another recession, which gowents - especially European - have
been struggling with in the aftermath of the cremtitnch. Proposition 1 implies that if the
basic Taylor Rule is allowed to operate, producangimmediate nominal interest rate cut,
fiscal retrenchment could be costless. Howevepractice, with interest rates at their zero
lower bound and thus temporarily pegged, PropasiBiondicates that it will not be costless.
The current (2012) experience of ‘double-dip’ rest@s as in, e.g., the UK, seems to bear this

out.

3.3 Atemporary debt increase under the basic Taylor Rule

If the aim of fiscal policy is to stabilise outpfltictuations in the face of temporary
business cycle shocks, then any increase in thel lef/ government debt should be
temporary, rather than permanent. The governmdhpraésumably want to bring debt back
to its original level, or to some target leveltie long run. Temporary changes in debt might
therefore be a more relevant policy measure toidenghan permanent changes.

There is also a technical reason why a temporamgase in debt offers some potential
for escaping from the ineffectiveness result ofg@sition 1. With a permanent increase, the
intercept term in the Taylor Rule eventually ha®éoincreased if we want to keep long-run
inflation at zero. However, if the increase is omgmporary, it is possible to leave the
intercept term unchanged and still ensure zerodgtetate inflation. This suggests that a
temporary increase in debt, under an unchangediT&dle, might also succeed in raising
output.

Proposition 4. A one-period gover nment debt increase. Anincreasein Iy which lasts
for only one period will cause a temporary (one-period) increase in output and inflation, if

all the parameters of the Taylor Rule are left unchanged.
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Suppose debt is increased from zero to some pesiue in period, and then is
returned to zero in periottl and held there ever after. It follows that, foeriod t+1
onwards, the economy is back in the original stestee from which it started in period,
before the debt increase. In other words peried)(and later variables are unaffected by a
one-period debt increase and only petiodariables will change. This is due to the
completely ‘forward-looking’ nature of the equilibom under a Taylor Rule. Look again at

the economy’s laws of motion, (31)-(33). By the wargnt just made we may treat

(77,1, Yis1,l+1) @S €X0geNous in these. The equilibrium in petithén reduces to the solution
of two equations in which the only unknowns &re,y;). These are shown below as (35)

and (36). They are obtained by substituting prﬂs @7t from (31) and (32) and regrouping

terms.
7y = @+R)A-S¢g)m - kY] (35)
Yoo + (V=4 = 0@ 75y
= [BA+1R) =@y, + [v+yrr' = fL+1R) g, — Yhy (36)

By the reasoning above, we observe that the leftlisedes of these equations are exogenous.

(35) and (36) can be loosely interpreted as ‘shartaggregate supply’ (SRAS) and
‘short-run aggregate demand’ (SRAD) equations, aetpygely. This is because (35) still
mainly derives from the ‘NKPC’ equation and (36)llsmainly derives from the ‘IS’
equation. Although some of the composite coeffitsem the right-hand-side variables are at
first sight ambiguous in sign, in fact we may resokll of them to be positive under
reasonable assumptions, as Appendix F demonstiidtese equations can then be depicted
in a familiar textbook manner, as in Figure 5. Fribig, it is now easy to see that, so long as
g < 1 and thugy > 0, an increase ity will shift the SRAD curve to the right, and so il
raise current output and inflation.

Why does a temporary debt increase succeed whgrermanent one failed? The

intuitive reason is that in this case there is figetting increase in the Taylor Rule’s intercept

term. Nevertheless, the nominal interest rate still rise, becauseg rises and, is linked to
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it by the Taylor Rule. However, it will not rise l®nough to choke off the boom. It would of
course be possible deliberately to use monetarycypdio choke off the boom, by
accompanying the fiscal expansion by a one-pemagease in the Taylor Rule’s intercept
term, i, . The point is that it is no longeecessary to increase the intercept term, in order to
conduct monetary policy in accordance with zeratoumn inflation.

To study a temporary increase in debt which lastsrfore than one period, we turn to
numerical simulation. As above, the parametershef Taylor Rule are left completely
unchanged. Figure 6 shows the case of an increaskebt which lasts for exactly four
periods. All other parameter values are identicdahbse in the earlier non-linear simulations.
Again there is a short-run boom in output and trdla An interesting feature is that the time
path of output is hump-shaped, despite the fadtttielevel of debt is constant during the
first four periods. By comparing it with the samimglation for a one-period debt increase
(not shown), we can also say that the size of tiwarbin the first period is larger.

Making the increase in government debt temporans throvides a second way to
escape from our earlier fiscal ineffectiveness Itesds argued above, this point is also
important for practical policy, because governmeanes likely to want to use the debt to
smooth out the effects of temporary business cgblecks, and thus to make temporary
changes to the debt itself. The study of permaakahges nevertheless remains important to
the extent that governments may not always be #bleredibly commit to making only

temporary changes. In practice, changes in dela b#tgn been very long-lasting.

4. Fiscal Policy When Monetary Policy is Governed by a M oney-Supply Rule

In this section, we replace the Taylor Rule by la mwhich makes the monetary growth

rate the exogenous instrument of monetary policy:
H=m-—my.

Presently we will assume that = 0 in all periods, i.e. that the money supplpégiged at a

constant value; but to show hgwenters the equations we begin with the more génasa.
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The economy’s laws of motion under this regime sti# given by (31) and (32).

However the Taylor Rule, (33), is replaced by:
iAt+1 = |At + I’R(Yt+1 ~ W%t TR — :[lt+1) (37)

This is just the first-differenced version of th&lequation, (26). We now note that (31),

(32) and (37) constitute a system of three simelbass first-order difference equations, i.e. a
third-order system. The variables in this system,), ﬂ), all appear at first sight to be non-

predetermined, as was the case under a Taylor Roleever, although this is true of each

variableindividually, it is not true of thenointly. To see this, adg:; to both sides of (26)

and rearrange to obtain:
Y ~TR = M- P (38)

As of periodt, the RHS of (38) is clearly predetermined, andtadinear combination ofg
Vi, ﬂ) is predetermined. This means there are only tegreks of freedom in the way the
state variables can ‘jump’ if an unexpected shockucs. Our third-order system is hence
equivalent to a system with one predetermined amdron-predetermined state variables.
The fact that there is now a predetermined variabéans that the economy will not in
general jump straight to its new steady state where is a permanent shock. This already
suggests that, under a money supply rule, the-shorimpact of an increase in government
debt is unlikely to be the same as the long-rureichpMore precisely, we can show that:
Proposition 5. A permanent gover nment debt increase under a money supply rule.
If the money supply is held constant, then: (i) a determinate, bounded, perfect-foresight
solution exists with no additional parameter restrictions; (ii) a permanent debt increase
unambiguously raises short-run output, relative both to its new steady-state value and to its
original steady-state value.
To prove part (i), we need to demonstrate thateuraregime of a constant money
supply (& = 0 for allt), of the three eigenvalues of the system (31)) é®l (37), two lie
outside the unit circle and one lies inside. Iinibreover turns out that the stable eigenvalue

lies in the interval (0,1) (as indeed we can alsong, then, following a shock, the economy
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will converge gradually and monotonically to itsasnsteady state. To prove part (ii), we need

to show that the multiplier

d(y,-Y)
do’ (39)

giving the impact effect of a permanent increaseehbt on output relative to its effect on new
steady-state output, is positive. Recall from Peijoan 1 that, in the case of the Taylor Rule,
this multiplier equals zero. In the present casecare show that it is positive with only mild
extra parameter restrictions as sufficient condgigin particular, thad be close to zero).
Under this more traditional monetary policy regintleerefore, a permanent debt increase
unambiguously causes a bodm.

An illustration of this is provided in Figure 7. Hewe chart the outcomes of a
numerical simulation identical to that used foru¥igy 1, except that a constant money supply
replaces the Taylor Rule. It is interesting to nbi@ the nominal interest rate ‘overshoots’ its
new steady-state level. This is in contrast to Wiggdpens under the Taylor Rule with inertia
(Figure 4). Despite this overshoot, the short-rffiacé on output is a boom and not a slump.
The reason for this is that the real interest aateallyfalls on impact, due to the rise in the
inflation rate, as can also be seen in the figdexnce it is not generally true that a permanent
debt increase will only boost short-run output hie tupward adjustment of the nominal
interest rate is delayed, contrary to the imprasswhich might be gained from section 3.2.
Rather, the crucial requirement is that the upwaatjistment of theeal interest rate should
be delayed.

Why does the constant money supply rule delay thwand adjustment of the real
interest rate whereas the basic Taylor Rule do#® Adkey point about any Taylor Rule is
that it allows the money supply to ‘jump’. This bgcause, as is well known, the nominal
interest rate and the money stock are linked tHiahhg money demand function, so that the
authorities cannot choose arbitrary paths for bahables: if the nominal interest rate is

determined by the Taylor Rule, the money supplytrbesome endogenous. We know that a

12 The proofs of the results reported in this parplyrare relatively heavy on algebra. For reasorisrajth we
omit them from the paper but they are availableeguest. We can furthermore show ttatdb’ > 0, i.e. that
output in the impact period rises also relativégariginal value.
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permanent increase in government debt must incb@sesal and nominal interest rates in
the new zero-inflation steady state, and that ighdr nominal interest rate must reduce the
new steady-state equilibrium level of real monelabees. Under the Taylor Rule, this lower

level of real balances can be achieved instantha lmpwnward jump in the money supply

with no change in the price level; but under a tamsmoney supply rule, it can only be

achieved by an increase in the price letwever, with staggered price-setting, such an
increase in the price level takes time. By conirés¢ Taylor Rule ‘bypasses’ the price

stickiness in the model by allowing the money syppljump*?

In the case of a temporary increase in governmeht, dhe difference in outcomes
under a Taylor Rule and a money supply rule is mest marked. Figure 8 is the counterpart
of Figure 6 and shows the effects of a debt ine@easich lasts for exactly four periods, but
now assuming that the money supply is held constahtother parameter values in this
simulation are the same. The responses of outmidfion, the nominal interest rate and real

money balances are notably similar.

6. Conclusions

Our general conclusion is that the effectivenessgo¥ernment debt for demand
management is highly sensitive to the monetarycpotule. The standard way to model
monetary policy in recent years has been to assufaylor Rule. The most basic type of
Taylor Rule, however, completely neutralises thiitglof a permanent increase in debt to
raise short-run output. Government debt can be efedtively within a Taylor Rule regime,
but care needs to be exercised over how this ig:dgither a temporary peg of the nominal
interest rate is needed, or some inertia in thdordyule; alternatively, the increase in debt
should be chosen to be temporary rather than pemmati, on the other hand, the monetary
policy rule is to set an exogenous path for the eyasupply, then a permanent increase in

debt will increase short-run output without addiabqualifications.

13 A comparison of Figures 2 and 7 clearly showsdifierent speeds of adjustment of both nominal seal
money balances under the two policies.
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These findings are particularly relevant in a perad history such as the recent one.
During the ‘credit crunch’ recession of 2008-9, m@overnments ran large budget deficits
and dramatically increased government debt levels deliberate attempt to provide ‘fiscal
stimulus’ to counteract the recession. Such a atedteattempt to use fiscal policy for
demand management had not been seen since the. ®uOwnalysis implies that such
policies would have been futile if central banksd hat cooperated in keeping nominal
interest rates low (at almost zero, in fact) witile fiscal stimulus was in progress.

In this paper we have focused on the ‘positiveheatthan the ‘normative’ effects of
government debt. Being a DGE model, our model bésoimplications for the effects of debt
on welfare, since the impact on the underlyingtilifie utility levels of agents can be
investigated. However in an overlapping-generatimasiel it is less straightforward to look
at welfare than in a so-called ‘representative #gandel, because different generations are
affected differently by policy. A social welfarerfction is needed in order to assess optimal
policy, and this raises subtle issues which takdeynd our present scope. We therefore
leave for future work a careful study of the wedfamplications of the use of government

debt for demand management.



Appendix A The Aggregate Demand Function for Labour

By inverting firm i’s production function we may write its demand fabour as a

function of its output:L;; :Yit””. Yit is demand-determined and given by (12). If firfast

changed its pricgperiods ago, theRi; = X, so that firm’s demand for labour is:

Ly = (X / ROV (A1)

The proportion of firms who last changed their ericperiods ago is (B)@. Summing

acrosg = 0,...0, we then obtain aggregate labour demand as:
L = Z5o-aa’ (X IR) OV, (A2)
If we define B =[Z_o(1-a)a’ X §'?177'? this can also be written in the form:
L = Y (RIR)7, (A3)
which yields the LHS of (19).
Appendix B The Underlying Loglinearised Equations
and the Derivation of the Partially-Reduced Form of the M odel
R (FR) =apy + A-a)x, (A4)

% = a+rg) "X,y + Qg -a)U+rg) (1-0+60 o) i + (Lio - 1)Op + y; )]

(AS)

W = p + o (e-Dy, - dz, (A6)
o =G * O (A7)

z =m-p-q, (A8)

z = —Ig, (A9)



B = BLtrR)a + B+ = By (L+ Lig M, (A10)
f=i = 7, (A11)
=R P (A12)

& = {¢ —- ((-Del + o({-1)z, (A13)

|, = oy, (A14)

= m oo Pt (A15)

g - 1 = O(L-0) (LML) - By + my - my]. (A16)

Here, a is the log-deviation of, where A =C,-Z (/)L (referred to as ‘adjusted
consumption’ in the main text). Government spending taxation are zero in the reference
steady state, so their log-deviations are not weflned. Hence we defing = G/Yg, i =

T Yr.

To derive the NKPC equation, (24), we first use Y ABeliminatew; from (A5):
X1 — O (LHIR)X%

= —a'1+rz-a)p + 1-0+0l0) elo-1y, - A-6+61/c)'0z].  (Al7)

Next, we ‘quasi-difference’ the price-index equati@A4), to the same pattern as the LHS of

(Al7). That is, we advance (A4) by one period, piytthrough the original equation by
a ta+ rr) and then subtract the latter from the former. Tives:

Poa — @ QHIRIP = ap — WHR)Pg + (10X — @ (U+rR X ] (AL8)

(A17) can now be used to eliminate thgariables from (A18). The variables can then be
grouped such that they can be replacedriagiriables, which yields (24).
To derive the IS equation, (25), we substitute (A1A13) and (Al14) into (A10). Then

we use (A7), withy; set to zero, to replacegby y:.



Appendix C The Algebra of the Steady-State Solution

To solve for the steady state we use the systemai3d (32). This is a slightly more
reduced form of the system (24)-(27). Its derivatis® described in the main text. Setting
variables to time-invariant values in (31) and (3#)d also settingr= 0, we obtain a pair of
equations iny(,i ). Solving these then vields the steady-state isoisit(29) and (30).

The common denominator of (29) and (30), namelyltaeketed term {.}, is at first
sight of indeterminate sign. Here we show that s$ign is in fact negative. Using the
definitions of the composite parameters alreadsothiced, we may re-express two of the
terms which appear inside {.} as follows:

(1-3)(1-1/8) le-1)

[B+rr)- 1=~ 50 16) (A19)

Bl+rg) —1-y

1](1—52)(1—1/9)0/5 - 1.

_ 1 _
[A+1R) -0y -1/0) R v .(A20)

[BA+1e)-1p - wrgt - v

Recall that 0 <b,0< 1 andf,e> 1. Moreover in the main text we saw thatgd* 1/3whenq
< 1 and thatv > 0. Hence both the expressions in (A19) and (A2@) negative. It then

follows that the common denominator, {.}, in (29)da(30) is also negative.
Appendix D Determinacy of Equilibrium Under a Taylor Rule
The characteristic equation of the system (31)-(28) be computed as:
al> + b + ¢ =0, (A21)
whereA denotes an eigenvalues= 1 and
b = ~(+r){1+ Bk v+l Io-1 S I+ oY, | + w0,

¢ = A+ 1=K (10 -1 G 1)@ IBA+1R) -] + KV - B+ 1R)p+Y I TR1e)

Necessary and sufficient conditions for both eigdmes to lie outside the unit circle

are:



arbtc (A22)
a-b+c
€c"a o. (A23)
a-b+c

First, consider the sign of the common denominatbrc. By manipulation of the

terms forb andc, we can obtain:
a-b+c = (2+rg)[1+B1+1g)-¢]
+ @k (v=g + {v - W+ B/ o-128 11+ )

+ (el 0-1) 51 rq +1/rR]qa,,¢/). (A24)

We now claim thag-b+c > 0 for J sufficiently close to zero. A§ — 0, 1#g — B, as was
shown in the main text (see the discussion of (ZBh)s implies thatyy — 0 (from the

definition of ¢). Hence the term on the first line of (A24) (1+£%)2, which is positive.
Concerning the term on the second line of (A24jertbat-¢ is always positive (from the
definitions ofv and¢). The term {.} at first sight has an ambiguousnsiglowever, a® - O,

v remains strictly positive, whil@ - 0 (see the definitions of and p). Therefore {.} is

unambiguously positive fad sufficiently close to zero. Concerning the termtioa third line

of (A24), we note that it is always positive. Thit of observations proves our claim.

Second, consider the sign®g, the numerator of (A23). We can writea as:

c-a = (1+rR)(18(1+rR) - W) -y
+ K{V - BA+r)(elo-1)tS g +,0]} G

K(el o-1) 151 +1/rR]¢ﬂ¢) . (A25)

We now claim that-a > 0 for J sufficiently close to zero. A8 — 0, 1#r — B, as was
shown in the main text (see the discussion of (ZBh)s implies thatyy — 0 (from the
definition of ¢). Hence the term on the first line of (A25) B*(1-f), which is positive. The
term on the second line of (A25) at first sight lamsambiguous sign. However, as- 0, v

remains strictly positive, whilgp — 0 (see the definitions of and p). Therefore {.} is



unambiguously positive fad sufficiently close to zero. Concerning the termtioa third line
of (A25), we note that it is always positive. Thet of observations proves our claim.

From the foregoing it follows that, fad sufficiently close to zero, condition (A23) is
satisfied with no further parameter restrictionsl$o follows that, fo© sufficiently close to
zero, condition (A22) will be satisfied if and onlffyat+b+c > 0. Now, eliminating ¢,0,V)

using their definitions, with some manipulation @& expresatb+c as:

a+b+c = [1-(1-9)(1-1/)* (I+ 1 K¢ H[B(I+ 15 P~ g

e 1 (1-0)(1-1/8)1-0o le ) B(l+rg)-1 12
x| @, - - = . (A26)
BA+rz)? -1 k 1-(1-0)1-1/8)Y le B(+ry ¥ —1Lrg

atb+c is clearly positive if and only if the term on tkecond line is positive. Thus, far
sufficiently small, the necessary and sufficiemaition for determinacy is that:

'R L 10-0)1-1/8)(-0 le) BA+1R)-1 2

> . (A27)
BA+r)? -1  k 1-(1-0)A-1/8Y le BA+rg P -11rg

r

As the probability of price non-adjustment,increasesk falls and so the critical value ¢,
for determinacy increases. Condition (A27) is skettin Figure 1.

Notice that we do not wish to assume tBatctually equals zero. This would produce
uninteresting answers to the questions with whiehane concerned because, as pointed out
just above,0 = 0 impliesy = 0. Government debt would then drop out of thgdih@arised
model, (31)-(33). Hence the range of valuesdofor which our propositions are valid is a
neighbourhood of zero, but one which excludes #sgif; i.e. it is the open intervdD,d),
for somed > 0. The fact thad= 0 causes debt to drop out is an artefact ofrigptaken the
loglinear approximation of the model around thenp&@' = 0. If we were to loglinearise
around a point wherB' > 0 this would no longer be true; but this woutdne at the cost of
greater complexity of the resulting equations. Hesve simulations (not presented here)
show that our analytical results continue to haldlgatively even considering the non-linear

model featuring a positive (and “realistic”) initsteady state value f@.



Appendix E Equationsand Calibration of the Non-Linear Model

The non-linear model that we use in the simulatienslescribed by the following
equations. (Some symbols here have different defird from those in the main text. This is
noted where relevant.)

Household sector

The household sector is described by the aggregafithe first-order conditions of the

household’s problem, that is
M/ (RC) (EZ) =08(-3)*(+i)/i 4)
W /R =(1-06)"Znf™ (5)
Coa =201 Oy = BA+R)[C-Z7° (1 16)5 | -~ (1-8)A-Ba)dla-1);.  (6)
Vi = M{/Ry+B =m /7, + B (20)
wherem = M{/P; and 77 = P/Py..

Prices

The firm’s price setting equation (14) needs toréa&rranged. It is easy to show that

equation (14)

o Ua 0/0-1
0 200 D1y YI;+jV\4+jR+j

xg.—9+9/0' = - — (14)
6-1 {00’ At,t+th+jF£jl
can be written in a recursive formulation as
th—9+9/(7 — H ﬁ (A28)
0-1¢q
1 a
l//t =EYt1/UWt+m t+/10‘//t+1 : (A29)
Q@ =Y, +——ntiq., . (A30)
1+r,

wherex; = X/P; andw; = W/P;

The evolution of the price index can also be wniitea recursive formulation as



}1/(1—9) (15)

R = [@-a)ga X

}1/(1—9)

R = [aF{l__f +@1-a)XF? = 1=an’ ™ +@1-a)¢? (A31)

Aggregate labour demand

Aggregate labour demand is given by

Mt
R

-0l -0l
P
L = folydi =[oY{“dl =Jé( j Y d =Y£"’J;(—F'fj di =Yg (A32)
t

-8lo
where s Ejé(%} di is an index of the price dispersion in perto&chmitt-Grohé and
t

Uribe (2007) show thag is bounded below by one, so tlsatepresents the resource costs
due to relative price dispersion under the Calvehmaism. Indeed, the highgr the more
labour is needed to produce a given level of outplate thats does not affect the real
variables up to the first order if inflation is wen steady state (see Ascari, 2004). The
dynamics ofs; can be written in a recursive formulation as
(P 610 | X -6l )

5 =Jo(';t"} di =(1—a)(;:] ram g4 =(1-a)x "7 +ar 75, (A33)

Government sector

Fiscal policy is described by (17), that usmge M{/P;, can be written as
G -T, =(+r) "B By +m—m /7. (A34)
while monetary policy is described by the followimdjation targeting Taylor Rule

1+i, =¢ (@j% . (A35)
7T

where 77 is the inflation target of the central bank.
General equilibrium conditions

To close the model, we just need to add the goat&ehequilibrium condition (18)

Y =C +G, (18)



the definition of the auxiliary variable Z

Z,=m/C, (A36)

the relationship between the nominal and the reatest rate,

1oy, =2k (A37)

Tk

and the definition of the rate of growth of monepgly, i.e.zs,

g =Y (A38)
M-

The model is then composed of the following 16 ¢iqua: (4)-(6), (18), (20), (A28)-
(A38), that describe the dynamics of the followify variablesC;, Z;, L, Vi, Iy, i, W, X, U4,
@ Yu T s My T, 4.

It is immediate to note that there is only one ptetmined state variablg: Moreover
its steady state depends just on the steady sthte of the inflation rate, since

o)

1-a

= A39
1-am’'? 1-a7°'° (A39)

Hence, an immediate jump to the new steady stasrentne value of7 does not change is
compatible with the inertial adjustmentgimplied by (A33), sinces simply does not move
at all.

Calibration

g = 1-1/120, such that the expected working lif8@syears, as in Leith and Wren-Lewis
(2006).a= 0.75 o= 1, 8= 10, B= (0.96¥*° 0= 0.01, €= 2, @,= 1.5, whiler is calibrated
such thaty is normalized to 1 in a zero-inflation steadyeslwhereg =G =0. In the policy
experiments, 7 = 1, B=G =0 in the initial steady state; theB increases unexpectedly to

0.01.



Appendix F Signsof the Coefficientsin Equations (35) and (36)

() 1-é@: From what was noted in the main textdas 0, & — 0. This is sufficient to ensure
1-é@,> 0, but we also need to check tigaremains in the range which ensures determinacy.
From (A27), the critical value above whigh must lie for determinacy tends to 1 as» 0.

Hence for any givewg,> 1, for d sufficiently close to 0, both §¢,> 0 and determinacy hold.

(i) B(1+rg)-y¢. From what was noted in the main textgas 1, S(1+Rr)-¢ - 1. B(1+rR)-¢

is therefore positive fay sufficiently close to 1.

(i) v+y@rit - B@A+rg)p . From what was noted in the main text,das 0, ¢,0 — 0 while

vrr tend to strictly positive, finite values. Heneet+yry' - B(1+1z)p is positive ford

sufficiently close to O.

The comment at the end of Appendix D also apples.h
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Values ofg;necessary for determinacy of equilibrium undeiagldr Rule
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Effects of ampanent debt increase
under a constargyrsupply
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Effects of a temporary (4-period)
debt increase under a constant
money supply



